Abstract
Introduction
Fuzzy number is a quantity whose value is imprecise, which takes into account the fact that all phenomena in the physical universe have a degree of inherent uncertainty. In many respects, fuzzy numbers describe the physical world more realistically than "ordinary" (single-valued) numbers. Because of the suitability for representing uncertain values, fuzzy numbers especially generalized trapezoidal fuzzy numbers have been widely used in many areas including statistics, computer science, and engineering.
Similarity measures are an important research issue in fuzzy numbers. Over the past decades, many similarity measures of generalized fuzzy numbers have been proposed and applied in some important real problems, such as decision-making, risk analysis, pattern recognition, and database query [10] [11] [12] [13] [14] [15] [16] . Clearly, effective similarity measures are critical to the applications of fuzzy numbers to various areas. However, since fuzzy numbers are represented by possibility distributions, they can overlap with each other and, as a result, it is not easy to develop an effective similarity measure. In particular, existing similarity measures have two main drawbacks: 1) they cannot correctly calculate the degree of similarity between two generalized trapezoidal fuzzy numbers in some situations; and 2) the definitions of recently developed similarity measures are rather complicated and difficult to interpret.
In this paper, a novel similarity measure of generalized trapezoidal fuzzy numbers is proposed. Since any generalized trapezoidal fuzzy number can be represented by a five tuple, we measure the similarity between two generalized trapezoidal fuzzy numbers in two steps: first, the similarity between the i-th components of two generalized trapezoidal fuzzy numbers is measured; second, all such information is aggregated to obtain the
Preliminaries
I this section, the concepts of generalized fuzzy numbers are first briefly reviewed. Then, existing similarity measures of generalized fuzzy numbers are introduced.
Generalized Fuzzy Numbers
Dfinition 1 [12] . A fuzzy subset Ã of the real line is called a generalized fuzzy number if its membership function Ã has the following properties:
(1) Ã is a continuous mapping from  to the closed interval [0, h];
(2) Ã(x) = 0 for ∞ < x < a; 
Existing Similarity Measures between Generalized Fuzzy Numbers
Suppose there are two trapezoidal fuzzy numbers Ã = (a1, a2, a3, a4) and B = (b1, b2, b3, b4). In [3] The larger the value of SZCB(Ã, B ), the more the similarity between Ã and B .
In [4] and [5] , Chen defined the degree of similarity SC(Ã, B ) between two trapezoidal fuzzy numbers Ã = (a1, a2, a3, a4) and B = (b1, b2, b3, b4) as follows: 
Proposed Similarity Measure and its Properties
In this section, we first explain how to measure the degree of similarity between the ith components in two generalized trapezoidal fuzzy numbers. Then, we show how to aggregate such information to derive a novel similarity measure for generalized trapezoidal fuzzy numbers.
Similarity Measure between a Pair Of Components in Two Fuzzy Numbers
As mentioned in Section 2, a generalized trapezoidal fuzzy number is uniquely determined by its five components. Assume that there are two generalized trapezoidal fuzzy numbers Ã and B , where Ã = (a1, a2, a3, a4;
To measure the similarity between Ã and B , a natural idea is to measure the similarity between each pair of components in Ã and B , and then aggregate all such information to evaluate the overall similarity between these two fuzzy numbers. Clearly, the more similar their components (respectively), the more similar two generalized trapezoidal fuzzy numbers.
Therefore, the critical problem is how to develop a "reasonable" similarity measure between two components (i.e. two real numbers between 0 and 1). In the following, we will use "components" and "real numbers" interchangely. Given two components x and y, we now explain how to define their degree of similarity Sim(x, y). Before we present the mathematical equations, let us first enumerate some properties that the similarity measure has to satisfy:
 The numerical value of Sim(x, y) must be normalized between 0 and 1 so that the similarity between two components can be compared in a meaningful way.
 The value 0 is assigned if and only if the paired numbers are (0, 1) or (1, 0), and the value 1 is assigned if and only if the paired numbers are (x, x) for any x;
 It is symmetrical. In other words, the similarity between x and y is the same as the similarity between y and x.
 It should be consistent with intuition. We are most interested in two cases. The first case is shown in Figure 2 (a), where x < y < z. Because x is closer to y than z, intuitively, x is more similar to y than z. Hence, the numerical value of Sim(x, y) should be larger than that of Sim(x, z). Similarly, the numerical value of Sim(y, z) should be larger than that of Sim(x, z). The second case is shown in Figure 2 (b), where y1 > y2 and  = y1  x1 = y2  x2 > 0. In this case, we can conclude that x1 > x2. As it can be seen, although y1  x1 = y2  x2, the "common part" of x1 and y1 is larger than that of x2 and y2 (i.e. x1 > x2). In other words, the effect of  on the
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Copyright ⓒ 2016 SERSC similarity between x1 and y1 is smaller than that on the similarity between x2 and y2. From this viewpoint, x1 and y1 is more similar than x2 and y2. Therefore, the numerical value of Sim(x1, y1) should be larger than that of Sim(x2, y2).
Figure 2. Special Relationships between Components
Therefore, we define the degree of similarity between two components as follows: Definition 3. Let 0  x  1 and 0  y  1. The similarity Sim between x and y is defined as:
In the above definition of function Sim, we take the absolute of the difference between the square roots of two components to measure the similarity of the two components. A small absolute of difference corresponds to a high degree of similarity, whereas two components with a large absolute of difference are considered to be rather dissimilar.
We have defined the similarity measure of components. We now prove that it has the expected properties mentioned above. 
Proof.
( (3), and (4) can be obtained directly from its definition. 
. cannot be used a similarity measure. There are two reasons: first, it is meaningless when x = y = 0; second, f(x, y) = 0 for any x and y with Min{x, y} = 0. On the other hand, the function g(x, y) = 1  |x  y| also cannot be used as a similarity measure in our context. The reason is the following: x1, y1, x2, y2  [0, 1], if y1  x1 = y2  x2 > 0 and y1 > y2, g(x1, y1) = g(x2, y2).
Similarity Measure between Generalized Trapezoidal Fuzzy Numbers
By Definition 3, we may get the degree of similarity of the i-th components in two generalized trapezoidal fuzzy numbers Ã = (a1, a2, a3, a4; A h ) and B = (b1, b2, b3, b4;
B h
). Then, the degrees of similarity of five pairs of components can be aggregated to obtain the overall similarity between Ã and B . Definition 4.The similarity between two generalized trapezoidal fuzzy numbers Ã = (a1, a2, a3, a4; ), where 0  a1  a2  a3  a4  1 and 0  b1  b2  b3  b4  1, is defined as follows:
ii AB
In the above definition of function S(Ã, B ), we take the geometric mean of the degrees of similarity of five pairs of components in Ã and B as the similarity between two generalized trapezoidal fuzzy numbers. The larger the value of S(Ã, B ), the more the similarity between the generalized trapezoidal fuzzy numbers Ã and B . The proposed similarity between two generalized trapezoidal fuzzy numbers has the following properties. Property 1. For any two generalized trapezoidal fuzzy numbers Ã = (a1, a2, a3, a4; 
It implies that a1 = b1, a2 = b2, a3 = b3, a4 = b4, and
h . Therefore, two generalized trapezoidal fuzzy numbers Ã and B are identical. Because S(Ã, B ) > S(Ã, C ), the proposed similarity measure draws a conclusion that is consistent with intuition.
Numerical Comparisons with Previous Works
In this section, twenty-four sets of generalized fuzzy numbers, shown in Figure 4 (from [10] ), Figure 5 (from [11] ) and Figure 6 , are used to compare the proposed similarity measure with existing six similarity measures. A comparison of the calculation results of the proposed similarity measure with existing measures is given in Table 1 . Note that from set 10 of Figure 4 , we can see that Ã and B two generalized triangular fuzzy numbers, so we should use the formula for generalized triangular fuzzy numbers to compute their similarity, i.e., ( , ) C S A B = 0.8667. However, both [10] and [11] incorrectly used the formula for generalized trapezoidal fuzzy numbers to compute their similarity ( ( , ) C S A B = 0.9). The same problem is also in Set 12 of Figure 4 .
From Figure 4 , Figure 5 , Figure 6 , and Table 1 , we can see some drawback of existing similarity measures: (1) From Set 1 of Figure 4 , we can see that Ã and B are different generalized fuzzy numbers. However, from Table 1 , we can see that However, from Table 1 , we can see that if we apply However, from Table 1 , we can see that if we apply However, from Table 1 , we can see that if we apply However, from Table 1 , we can see that if we apply any existing similarity measure, Set 21 and Set 22 get the same degree of similarity. (13) From Figure 6 , we can see that Set 23 and Set 24 are different sets of fuzzy numbers.
However, from 
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N o t e : " * " m e a n s t h a t t h e s im ila rit y m e a s u re c a n n o t c a lc u la t e t h e d e g re e o f s im ila rit y b e t w e e n t w o g e n e ra liz e d fu z z y n u m b e rs .
"
" m e a n s in c o rre c t re s u lt s
From above analysis, we can see that existing similarity measures have some limitations. 
Application to New Product Go/Nogo Decision-Making
New product development is both a complex process and a substantial business risk. In [17] , a method for new product screening using fuzzy logic was proposed: first, the criteria ratings and their corresponding importance were assessed in linguistic terms described by fuzzy numbers; then, fuzzy weighted average was employed to aggregate these fuzzy numbers into a fuzzy-possible-success rating (FPSR) of the product; finally, the Euclidean distance was employed to translate the FPSR back into linguistic terms to derive at a new product screening decision. However, this method has some drawbacks:  Linguistic terms were described by normal fuzzy numbers rather than generalized fuzzy numbers. As a result, the degrees of confidence of the opinions of the evaluators were not taken into account. In practice, evaluators often evaluate new products in uncertain environments and based on incomplete information. If the degrees of confidence of the opinions of the evaluators are considered, a new product screening decision will be more objective, with much less chance of personal bias.  It used traditional fuzzy weighted average (FWA) to aggregate evaluators' opinions.
However, the FWA has some methodological problems: first, it increases the imprecision unnecessarily, i.e., the FWA may be more imprecise than necessary and therefore this imprecision is not meaningful; second, the position and balance point of FWA is inappropriate in some cases. Thus, in the following, we combine the proposed similarity measure of generalized trapezoidal fuzzy numbers and a new fuzzy weighted average (NFWA) method to deal with a new product go/nogo decision problem to overcome these drawbacks.
Suppose a committee of m evaluators (i.e., E t , t = 1, 2, …, m) conducts a new product screening decision. Let F i , i = 1, 2, …, n, be factors for screening decision, ti R , i = 1, 2, …, n, represent the fuzzy numbers approximating the linguistic factor rating given to F i by evaluator E t , and ti W , i = 1, 2, …, n, represent the fuzzy numbers approximating the linguistic importance weighting given to F i by evaluators E t . In this paper, a sevenmember linguistic set is used to represent the linguistic terms. Table 2 illustrates the linguistic terms and their corresponding generalized trapezoidal fuzzy numbers. Then, the new product go/nogo decision process can be described as follows. 
Step 2: Use the NFWA method to integrate the evaluating items i R and i W of each factor F i , where i = 1, 2, …, n, to obtain the FPSR of the product, R , shown as follows:
Here, R is calculated through the NFWA method. Denote the -cuts of the fuzzy ratings i R and the fuzzy weights i W as
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Copyright ⓒ 2016 SERSC Then, the -cut of R is given by W for all i  {1, 2, …, n}.  Step 3: Use the proposed similarity measure to evaluate the degree of similarity between the fuzzy number R and each linguistic term shown in Table 2 . Translate the fuzzy number R into a linguistic term, which has the largest degree of similarity to R . Now, we illustrate the new product go/nogo decision-making process of the proposed method by an example. In [17] , the new product evaluation and selection criteria were developed as shown in Table 3 . The factors were classified into four categories: productmarketing competitive advantages; product superiority; technological appropriateness; and product risk. Note that these factors in the former three categories have a positive impact on the FPSR of the product but these factors in the last category have a negative impact on the FPSR of the product.
Suppose that four experts use the thirteen criteria shown in Table 3 to make a screening of a new product TM-21 [17] , where both the criteria ratings and their corresponding importance are assessed in linguistic terms described by fuzzy numbers in Table 2 . Table 4 shows the ratings of criteria assigned by four experts E 1 , E 2 , E 3 , and E 4 , where the values w ij denotes the degree of confidence that evaluator E j evaluates the rating of criterion C i , where 1  i  13 and 1  j  4. At the same time, the committee members assess the relative importance of all the criteria, on the basis of their experience and knowledge. The results are show in Table 5 .
Table 3. Product Evaluation and Selection Criteria
C rit e ria D e s c rip t io n C o m p e titiv e m a r k e tin g a d v a n ta g e s M a r k e tin g tim in g ( C 1 ) M a tc h e s d e s ir e d e n tr y tim in g n e e d e d b y ta r g e t s e g m e n ts Pr ic e s u p e r io r ity ( C 2 ) O f f e r s v a lu e f o r m o n e y to ta r g e t s e g m e n ts M a r k e tin g c o m p e te n c ie s ( C 3 ) C o n f o r m s to o u r s a le s f o r c e , c h a n n e ls o f d is tr ib u tio n a n d lo g is tic a l s tr e n g th s M a r k e tin g a ttr a c tiv e n e s s ( C 4 ) Pe r m its th e c o m p a n y to e n te r in to a g r o w in g , h ig h -p o te n tia l m a r k e t S u p e r io r ity F u n c tio n a l c o m p e te n c y ( C 5 ) H a s u n iq u e o r s p e c ia l f u n c tio n s to m e e t a n d a ttr a c t ta r g e t s e g m e n ts F e a tu r e d d if f e r e n tia ( C 6 ) H a s u n iq u e o r s p e c ia l f e a tu r e s to a ttr a c t ta r g e t s e g m e n ts A ve ra g e 
In the following, we use the proposed new product go/nogo decision-making method to deal with the screening of the product.  Step 1: in this step, for each criterion, we calculate the average rating and the average importance weighting given by four experts based on Table 4 , Table 5 , Equation (1), and Equation (2) . The averaged fuzzy numbers are shown in Table 4 and Table 5 , respectively.  Step 2: in this step, we aggregate fuzzy rating and fuzzy weighting of all the criteria to obtain the FPSR. Since the criteria C 11 , C 12 , and C 13 have a negative impact on the FPSR of the product, the corresponding average ratings should first be transformed by the following formula: Table 4, Table 5 , and Equation (3), we obtain the FPSR of the product shown as follows: R = (0.4496, 0.6021, 0.6989, 0.8047; 0.675)  Step 3: We use the proposed similarity measure to evaluate the degree of similarity between the fuzzy number R and each linguistic term shown in Table 2 :
Because S( R , FH) has the largest value, the generalized trapezoidal fuzzy number R is translated into the linguistic term "Fairly High", where the degree of similarity is 0.9534. That is, the possible success of the TM-21 development is Fairly High. This result coincides with the one presented in [17] . Compared to the new product screening method presented in [17] , our method based on the proposed similarity measure is more realistic and more reasonable because it takes into account the degrees of confidence of evaluators. On the other hand, for this particular example, if S CC or S DSDL instead of the proposed similarity measure S is used in Step 3, we can draw the same conclusion, i.e. the possible success of the TM-21 development is Fairly High. However, in general cases, the proposed similarity measure S is more suitable to new product screening problems than existing similarity measures due to the fact that the proposed similarity can overcome their drawbacks.
Conclusions
In this paper, we propose a novel measure for computing the degree of similarity between two generalized trapezoidal fuzzy numbers. The proposed similarity measure has a simple definition and is more intuitively understandable. We compare the proposed similarity measure with existing similarity measures by numerical examples. The results show that the proposed measure is effective and promising due to the fact that it can overcome the drawbacks of existing similarity measures. Finally, we use the proposed similarity measure of generalized trapezoidal fuzzy numbers for handling new product screening problems.
It should be noted that although in this paper the proposed measure is used to measure the degree of similarity of generalized trapezoidal fuzzy numbers, it can be easily extended to generalized fuzzy numbers. To obtain the degree of similarity between two generalized fuzzy numbers, a direct idea is to use the degree of similarity of left and right membership functions rather than the degree of similarity of components in these fuzzy numbers. In the future work, we will explore this extension and investigate its applications in web mining.
